In order to ensure safety against high sea water levels, in many low-lying countries, water levels are maintained at certain safety levels, and dikes have been built, while large control structures have been installed that can also be adjusted dynamically after they have been constructed. Currently, these control structures are often operated purely locally, without coordination of actions being taken at different locations. Automatically coordinating these actions is difficult, as open water systems are complex, hybrid dynamical systems, in the sense that continuous dynamics (e.g. the evolution of the water levels) appear mixed with discrete events (e.g. the opening or closing of barriers). In low lands, this complexity is increased further due to bi-directional water flows resulting from backwater effects and interconnectivity of flows in different parts of river deltas. In this paper, we propose a model predictive control (MPC) approach that is aimed at automatically coordinating the actions of control structures. The hybrid dynamical nature of the water system is explicitly taken into account. In order to relieve the computational complexity involved in solving the MPC problem, we propose TIO-MPC, where TIO stands for time-instant optimization. Using this approach, the original MPC optimization problem that uses both continuous and integer variables is transformed into a problem involving only continuous variables. Simulation studies of current and future situations are used to illustrate the behavior of the proposed scheme.
INTRODUCTION
Floods are one of the most common types of natural disasters that Europe has to face. In the period between 1998 and 2004, there were more than 100 major floods in Europe. As a result, 700 people died, 250,000 people lost their home, and an economic loss of 25 × 10 9 euros was incurred. At this point, ships can pass via a lock.
Whereas the dunes and dikes cannot be changed from minute to minute after they have been constructed, it is possible for the storm surge barriers to be changed (see Figure 2 ).
Each barrier therefore has a local control system that determines when the barrier should be closed or opened. Locally, these rules may work well; however, since they do not take into account actions taken by other control structures, no guarantees can be given in the event of large disturbances. The control goal in the Rhine-Meuse delta can be formulated as balancing the trade-off between keeping water levels low and minimizing the cost associated with using the storm surge barriers. The storm surge barriers and the water system of the Rhine-Meuse delta can be considered as hybrid dynamical systems, i.e. systems in which continuous dynamics and discrete events interact. In this case, some of the barriers are designed to move at once into a fully opened or fully closed state, and dikes can overflow (discrete events), while at the same time, other barriers are The contributions of this article include the following:
• A generic description of TIO-MPC, an MPC approach that uses the technique of TIO for control of hybrid dynamical systems, is proposed.
• A hybrid dynamical model that can be used for simulating and predicting the dynamics in the Rhine-Meuse delta for the current situation and a possible future situation based on recommendations of the Delta commission (Deltacommissie ) is proposed.
• The behavior of the use of TIO-MPC is illustrated when controlling the Rhine-Meuse delta water system in current and possible future situations.
This article extends the previously published conference article (van Ekeren et al. ) by providing more background and context on the control problem and the current control approaches available in the considered area, as well as more details of the control approach used. In addition, the hybrid dynamical model is presented for both current and possible future situations, and more simulation scenarios are provided to illustrate the behavior of the proposed scheme.
This article is organized as follows. First, the dynamics in the Rhine-Meuse area are formalized in a hybrid dynamical model, and a discussion of the currently used local control systems is given. Then, the details of MPC using TIO are discussed, and a TIO-MPC controller is designed for the area under study. The behavior of the proposed approach is subsequently illustrated in simulation studies representing current and future situations. Conclusions and directions for future research end this article.
RHINE-MEUSE DELTA

Model of the dynamics
We first describe the model of the dynamics for the current 
Dynamical model of the current situation
The study area is represented by four large reservoirs that are interconnected by rivers, see Figures 1 and 4. The states x 1 , x 2 , x 3 and x 4 represent the water levels in reservoirs 1, 2, 3 and 4, respectively. The change in each of these water levels is determined using a discretized mass balance equation:
(1)
where k is a discrete time step; T s (s) is the sample time;
A s1 (·), A s2 , A s3 and A s4 (m 2 ) are the surface areas of reservoir 1, 2, 3 and 4, respectively; x 1 (k), x 2 (k), x 3 (k) and x 4 (k) (m)
are the water levels of reservoir 1, 2, 3 and 4, respectively; The flows q nw (Á) and q hk (Á) are determined using (5):
where h hvk (k) (m) is the water level of the North Sea at Hoek van Holland and u mb (k) represents the state of the Maeslant barrier, defined as: The effect of the Hollandsche IJssel barrier is modeled via the surface area of reservoir 1 as:
where A 
where q is changed into:
where u sdb (k) The Lexmond barrier is modeled as a barrier that can direct the disturbance inflow q 1d (k) to reservoir 4 instead of to reservoir 1. Therefore, the mass balances (1) and (4) of the dynamical model of the current setup are replaced by:
where u mwb (k) is the state of the Merwede barrier and u lb (k) is the state of the Lexmond barrier, which is similarly
The Spui barrier and the Drecht barrier can together block the flow from reservoir 2 to reservoir 3. The Merwede barrier can block the flow from reservoir 2 to reservoir 4. These flows q 23 (·) and q 24 (·) are influenced by the state of these barriers as follows:
Constructing the Volkerak sluices and the temporary reservoir in Zeeland requires relatively little adjustment of the existing infrastructure. Constructing the other components requires significantly more investments. Therefore, in the simulation section below, we will focus on the current situation extended with the Volkerak sluices and the temporary reservoir.
Currently used control systems
The control systems currently used for the barriers consist of simple if-then-else rules. The goal of the local controllers is to achieve the following objectives (van Overloop ): Figure 6 . The vertical axis in Figure 6 shows the area of the surface gate opening as a function of the river discharge. This area can be translated straightforwardly into gate heights by using the width of the gates. The sluices are only opened when the water pressure at the river side is larger than the water pressure at the sea side. When the discharge sluices are open and the water pressure at the sea side becomes larger than the water pressure at the river side, the gates are closed. As a consequence, the sluices are closed almost every high tide.
Opening or closing the gates takes about 20 min.
The implementation of the control system of the Haringvliet sluices for simulations is a translation of the description presented in this section.
Hollandsche IJssel barrier
The Hollandsche IJssel barrier (Figure 2 
TIO-MPC
The currently used control systems described in the previous section operate independently of one another. There is no coordination between the control systems at the different structures. Hence, the evolution of the water levels when different control actions determined by the current control systems are applied in the same period is not taken into account. This may lead to low performance of the local control systems in extreme conditions. The control system proposed here could improve this performance by employing MPC as the control strategy.
MPC
Using an MPC approach, the control goal to be achieved is described mathematically. The computational power we have nowadays is then used to find optimal control actions with respect to this control goal. However, these control actions are only optimal with respect to the available information given to the optimizer. This information is, in practice, never completely correct (e.g. due to modeling errors and predictions errors) and only valid over a finite time window (prediction horizon). Therefore, at every control step, this optimization is repeated to obtain control actions that are as close to optimal as possible to a control system that works over an infinite time window. This is briefly how an MPC controller works.
The general MPC scheme is depicted in Figure 7 Using these binary variables, the MPC optimization problem typically becomes a mixed-integer nonlinear optimization problem, generally requiring a significant computational load to solve (Köppe ), as the number of binary variables can be large. Below, we discuss how the discrete events can be dealt with in an alternative way: by using real-valued time instants at which events take place as decision variables, rather than binary variables that, at each time step, indicate the occurrence of an event.
The principle of TIO can take place at most twice.
Prediction model
TIO-MPC requires a model that maps the time instants,
possibly additional 'regular' inputs (i.e. inputs that consist of a sequence of input variables, one variable for each (control) time step) and the actual state of the system to the future state/output variables of the system. The time instants can normally not directly be applied to the actuators of the system. Therefore, a converter is needed to translate the determined time instants into input sequences that are appropriate for the actuators.
The TIO prediction model can be formulated as:
with In general, there is no restriction on the prediction model structure as long as it relates to time instants and regular inputs to the state variables. One possible structure that is used for the case study below is given in Figure 9 .
The time instantst k ð Þ are translated into regular input sequences similar toũ r (k) using a converter. These input sequences are used to calculate the state evolutionx(k) with a discrete-time state-space model.
Optimization problem
The optimization problem to be solved at every time step of the TIO-MPC system has some specific properties.
• Nonlinear optimization. The model (17) is always a nonlinear model. This is a consequence of using time instants as input variables. The relations between the time instants and the future state values are nonlinear. These relations make it impossible to use fast linear or convex optimization algorithms.
• Constraint optimization. The optimization problem is always constrained because the time instants have a predefined order (e.g. t 1 (k) < t 2 (k)).
• Derivative-free optimization. A schematic representation of the TIO-MPC optimization is given in Figure 10 . The optimization problem
consists of the nonlinear model (17) and the objective function of the control system. Together, they form the function
It is not guaranteed that the optimum found by a directsearch optimization algorithm is the global optimum.
Frequently, such an algorithm converges to a local optimum.
We therefore employ a multi-start approach. As an example of a direct-search method, we will now discuss multi-start pattern searches. This method is also used in the simulation experiments later on. 
Multi-start pattern search
Objective function
Input effort and costs on (too) high water levels are considered as control objectives. We adopt the commonly used weighted-sum strategy to obtain an objective function that merges these objectives into one combined objective.
For time step k, the objective function is defined as:
with N the length of the prediction horizon in discrete time steps. The first part of the objective function consisting of the terms J x 1 (Á) and J x 2 (Á) describes the damage and flood risk of high water levels. This part of the objective function is illustrated for J x 1 (Á) in Figure 11 . When the maximum of water level x 1 stays below a reference level r 11 , there will be no damage at all. In this situation, the river is in its summer bed. Exceeding reference level r 11 can lead to some damage (e.g. damaged houses, cattle and fields on the floodplains) and flood risk (e.g. risk of collapsing dikes), depending on the water level. Therefore, a water level exceeding reference level r 11 is penalized with a quadratically increasing cost.
The quadratic cost form represents that a small increase with relatively high water levels yields larger costs than the same small increase at a relatively low water level. The dike height r 12 is the most important reference level. Exceeding reference level r 12 will suddenly lead to huge (economic and social) costs caused by flooding of the crowded area of Rotterdam. Therefore, exceeding level r 12 is penalized with a constant cost value, as well as with a quadratically increasing cost. In case it is impossible to prevent the water level exceeding the dike height, this quadratic cost ensures that the controller still minimizes the magnitude of the flood. The cost function that we propose is now defined on the cumulative exceedance of the critical water level by x 1 as follows:
& where e cum,11 (k) and e cum,12 (k) are the cumulative exceedance for reference levels r 11 and r 12 , respectively. The parameters α 11 , α 12 and α 13 are cost weights. The cost function J x 2 (x 2 (k)) is defined in a similar way.
The second part of the objective function (18) consisting of J mb (ũ mb (k)), J hb (ũ hb (k)) and J hs (ũ hs (k)) describes the cost of closing and moving the storm surge barriers. Closure of the Maeslant barrier or the Hartel barrier blocks the navigation in the corresponding canals. Secondly, movement of a barrier also costs money due to wear and tear and energy costs. The cost function of the Maeslant barrier is therefore defined as: 
Prediction model
The complete nonlinear reservoir model is used as a predic- 
where u hs (k) is the gate position (m) of the Haringvliet sluices at time step k. The time instants t 1,mb,k , t 2,mb,k , t 3,mb,k and t 4,mb,k (s) are the moments at which the Maeslant barrier changes its state. Similarly, the time instants t 1,hb,k , 
for j ¼ 0, . . , N À 1, whereũ mb (k) is the regular input sequence created from the time instants.
Optimization
The TIO-MPC optimization problem consists of the model and the objective function that were discussed in the previous paragraphs. The model (20) relates the inputs of the water system to the evolution of the states (water levels) over the prediction horizon. The objective function (18) is a function of the inputs and the state evolution.
These two relations together form a function that relates the inputs (degrees of freedom) to the value of the objective function:
In fact, the actual state x(k) of the system and the pre- h hs (k þ j) and h hs (k þ j), for j ¼ 0,…,N À 1, are also inputs of this function. However, since these inputs are constant in the optimization problem, they are left out of (21). Function f opt (·) is the function to be minimized by the optimization algorithm, subject to the following constraints:
for j ¼ 0,…,N À 1, with
where t min (s) is the minimum time between two state changes; t max (s) is the maximum value of t 4,mb(k) and t 4,hb(k) and is larger than the prediction horizon, u hs,min and u hs,max (m) are, respectively, the minimum and maximum gate positions of the Haringvliet sluices and h hs is the water level at the sea side of the Haringvliet sluices. The relation in (33) is the constraint of a one-directional flow through the Haringvliet sluices. The constraints (22)- (30) are constraints for the Maeslant barrier and the Hartel barrier, and describe the order of the time instants.
As mentioned, the cost function is minimized subject to the constraints using the nonlinear derivative-free optimization algorithm pattern search. The pattern search algorithm is started i times from i different initial points (i.e. multi-start optimization) until the end of the control step length.
Three different approaches can be used for determining appropriate initial points used for the multi-start pattern search optimization. based on expert knowledge. This is normally optimal in critical conditions because the maximum amount of water is discharged out of the Rhine-Meuse delta.
2. Initial solutions that are generated randomly. The inclusion of a set of random initial solutions prevents the pattern search algorithm from converging to possibly suboptimal solutions based on expert knowledge only.
3. An initial solution that is based on the solution of the pre- 
RESULTS AND DISCUSSION
In order to illustrate the behavior of the proposed control approach, we consider simulation studies of the current provided by the Dutch national water body, Rijkswaterstaat (Rijkswaterstaat ) . This period also includes the period in which the Maeslant barrier was closed due to storm conditions at sea. We consider the following two scenarios.
• Scenario 1 involves conditions due to a storm surge at sea • As can be seen in Figure 17 , the peak water levels at Rotterdam and Dordrecht do not occur at the first and highest sea water level peak. After the second sea water level peak, the water levels y 1 and y 2 do not have enough time to decrease. Therefore, the high discharges of the rivers Rhine, Waal and Meuse result in extremely high water levels in the neighborhood of sea water level peak 3. Hence, in this case, the control approaches are not able to prevent the flooding. The performance when using the current control systems is 1.57 × 10
10
. The performance when using the TIO-MPC approach is 1.53 × 10 10 .
Since, with the current infrastructure, the controllers are not capable of preventing flooding, it is interesting to explore whether this will be possible in the case that additional infrastructure is built, in accordance with the plans of the Dutch government. Therefore, we next illustrate the behavior that emerges when two possible future situations are considered, which include possibilities for additional storage. First, an extension of the current system in which a small additional reservoir is present, and the Volkerak sluices are constructed to control this reservoir; and second, an extension in which the current system is extended with a large additional reservoir, again with the Volkerak sluices present for controlling this reservoir.
The simulation results of the TIO-MPC approach when using a future setup with a small additional reservoir are shown in Figure 18 . The water levels y 1 and y 2 are kept at 69 and 78 cm lower than the TIO-MPC approach of the current Rhine-Meuse delta setup. However, the water level at Dordrecht still becomes 9 cm higher than the dike height. Moreover, the critical water level r 52 of Zeeland is exceeded by 50 cm. As can be seen in Figure 19 , the TIO-MPC approach with a large reservoir has a significantly better performance. The peak water levels at Rotterdam, Dordrecht and Zeeland are respectively 111, 61 and 59 cm lower than the critical levels r 12 , r 22 and r 52 . The performance of TIO-MPC with a small reservoir is 3.34 × 10 8 . The performance of TIO-MPC with a large reservoir is 1.98 × 10 7 .
CONCLUSIONS
In this paper, we have proposed an MPC approach for water systems represented as hybrid systems (i.e. combing both ()) will be made. Moreover, a comparison will be made between the currently used approach of integrating the multiple objectives in one objective function and alternatives, such as epsilon constraint (Haimes ) and goal attainment (Gembicki & Haimes ) .
